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Stress Concentration of an Ellipsoidal Inclusion of Revolution
in the Vicinity of a Bimaterial Interface
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This paper deals with a stress concentration problem of an ellipsoidal inclusion of revolution in
a bimaterial body under tension. The problem is formulated as a system of singular equations with
Cauchy-type or logarithmic-type singularities, where unknowns are densities of body forces dis-
tributed in the r-and z-directions in bimaterial boodies having the same elastic constants of those of
the given problem. In order to satisfy the boundary conditions along the ellipsoidal boundary, four
fundamental density functions proposed in the previous paper are used. Then the body force densities
are approximated by a linear combination of fundamental density functions and polynomials. The
present method is found to yield rapidly converging numerical results for stress distribution along the
boundaries of both the matrix and inclusion even when the inclusion is very close to the bimaterial
interface. Then, the effect of bimaterial surface on the stress concentration factor is discussed with
varying the distance from bimaterial interface, shape ratio, and elastic ratio.
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Fig.2 Interface stress of an ellipsoidal inclusion for b/d—0 in Fig.l (a) 0,when E;/Eu<1 (b) ¢, when E,/E4>1.
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Fig.3 Method of solution.
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REECHEM FORMEEAEREN L RBREBERITECBISN LB EZNTI, Ons Trs Uni, U BRERE
BB FOEEREAERTTED L 2 D _REFERICE U BIEN EBMEENTEN, Ous T, e, ua L+ 58, (),
2) ZBM ENTEDOEEER EICB T BEREM 0w —0u =0, Toar —Tw =0, s —thy =0, hny —ty =0 IZHYLTW
5. R()OH1IHEHEB2HIE, AENEZERPMEENOCRIER LIRS UL X EREG 2B+ x (A
BRI LB ADHETHS. 1o, Ky (0, ) 2BICE B &, T RAEASE M, ORISR Lo | [ L

Cr HEZEEHOBSERAT S L XER EDORICE LHERFBIORES N ow 2 BEL TS HESR) . &
M Fa—r—F, RQ)IAHEHORREELETIEEAATVS. TOED ¢ =a OBEEITIE, Q) ITESD
-V OEEELBHDLTE. F, u, v (51, 2) RERTROMEO Th 5 EBIERE L KT Y
FLTWNS, '

AHETIE, R0, (2) DERBMYFEREZHE L AT 27010, ROEKE I8 CES L EA%ER
BEBELBEEO—KEAICEIIRWQ), B) DL HICKRETS.

- Piaa (@)= prase (@) Wi (@) + Prase (@) e (@), P (@)= Paans (@) War (@) + Praae (@) Wiz (Q) v, 4)
p:, (a): Prr (a) W3 (a)-{-pr” (a) W, (a), p;, (a) = Por (a) W (a)-{—pn, (a) W,y (a) .......................................... (5)
2T, BABEREMw, (a),w,(a),w,(a),w,(a) 7 LI KXTEES NS0,
wa(@)=n (), w.()=n (@)sine, w.(@)=n,(0)/siN, W2 ()= (Q). oo (6)
beoso asing
r = ’ 2 B e 7
n(0) Ja?sin? a+5* cos’ a (@) Va?sin? a4 b cos? a .
S BIT, RABI 2 EREEIR L U GEET 37120 I BEABER A SER AV TKRRAD L 5 10 X8+ 5.
Pras (@) = 2; Aty (), pryr ()= Z_; aut, (@) pan (@)= }; Cantn (@), par (@)= :L:, Cuta (@)
M/2 M/2 Mi2 M2
Prau (01) = ; but, (a), Prai (Ol) = ; but, (a) Pzam (a) = ;] dut, (a), P:21 (a)= ; dut, (Ol)
L, (a): cos {2("—1)&} ........................ (8)
12T, MR -S<a<T OBHOBAKTH .
ULDBBILOHHEIZL V(1) (217K (9) ~(13) TREND AM DB FBRAICBTTE S,
MZ_/:Z(anMAnM + Bt Buss +CassCoas +Aoas Dy + Gy A +buBy +cuCu +dn1Dnl)=—(0'§’° sin? ¢, + 0% cos? 500) """""""" =(9)
M;/Z(arMEnM + bt Foas + Cart G + dops Hot +anlEnl +bu Fop +¢cuGy +dn1Hnl):—((7?° "Uff)SinSOo COS B R LLLTTPIIES (10)
Mz_/:z(anulnu +bus T s + Cor Koas +anLnM +ayl, +byJy +cuKy +d,.1L,,,)=—{0';’f —VUnm (O'gf +g’§"’)}r/EMl .................. a 1)
Mglz(aanM + 8t Noat 4 Coas Ouss +doss P + au M, + b Not +€u On +dnlﬂl)=‘{0'f° ~VUnm ((73? +0'3f)}2/EM1 """""""" 12
Ans = —%t,, ((p) €082, +f_7::/22 K,ﬁ,’jw (a’ (P)t,. (a)bcos o o B TR (] 3)
(ft [FIAR) |

ERED RO MBI G, s du & Aum, *+, PulTHES T 2 B BREO— KA TRESH S, DL ORIFIEI &
Y BBZEHERAEROER ECORKIEH 2 6 RS 2RO 5. LT Tiiox =1, 0% = o3=0&117.
3. MARRBIUSER

31 BHORKRELEREFBOHRE B 1R LA REMRHES REEHICHFET 2 REX TERNED
DEEIZBT, BRI a/b=1, b/d=0.9, BHEH E/Ew=c©, Em/Ew= o y BT Y U Hown= we=v=0. 3 D
By W7 ont, Omay Tait, Out, Oty Toy DIRFIRIL Z 55 1 WRY. £, ZOBREOEREME 0m — 0070, Ty — Twr=0,
um — un=0, uas — us=0) DGR E LN D572, THODOEER2ITRT. £1,210 KERPTRERIL, BAR M=34
BETHHEFS FCBEZTRRL T CREZRNKEELRLTEY, SREEDL 10 UFCHESL TS

Tablel Convergence of the stress (a/b=1/4, b/d=0.9, ‘ Table2 Satisfaction of boundary conditions (a/b=1/4,
E;/En=%, Ep/Ey=%, v,=v=0.3, ¢=-90°). b/d=0.9, E;/Ey=%, Ey/Eq=%, v,=v,=0.3, ¢=-90").
M| oo, o, . g, T oas T | M at O | Tod T | UpiU, U Uy
12 | 4.9547 [1.7204 |11:7561 [11.0177 [-0. 3906 |-0. 3688 12| 7410 | -2.2-102 | 2.9.107% | -1.9-107*
16 | 4.9598 (2. 1250 |11.7705 [11.5497 |-0. 3910 |-0. 3851 161 2.2-107' [ -5.9.10%.{ 5.0.107 | -1.3.1075
24 | 4.9605 |2.2971 [11.7722 |11.7484 |-0.3912 [-0.3911 24| 23102 -1.3.10% | 7.1-10% | 1. 4-107%
34 | 4.9605 [2.3161 [11.7722 {11. 7712 [-0. 3912 |-0. 3915 34 9.6-10:: 2.2-10‘: 25-10% | 5.8-1077
36 | 4.9605 ]2.3162 |11.7722 |11.7713 |-0.3912 |-0. 3914 3 | 8.7-10 2.0-107 21-10% | 4.9.1077
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REMEHESRELE CHEE T 2 BELAERNTED £ 25 hES

e BNbholk. ZOX )RR L o TERMBITHE
BOBFRINKME L BVEREBEGORREDR
Ei/Evi=0 ~00 | b/d=0 ~ 0. 9 D3 T DR THER X
hi-.

3.2 BRRAEH (a/b=1) DFE  R3ZLED
ISHOBKRMBEZFORAENMBERT. S
1OY VTR E BRI LT Ew/En=0,1/2,2, ©
,EI/EMFO, 1/2,

2, co LB ERT-. ET-, REI D OERECT L TH
EMDO~HiE% b/d=0,1/3,1/2,2/3,0.8,0.9 L E{bs ¥
7. RILVUTIHORS.

(a)b/d < 0. 9 DEE THREN D DEEBNLWEE (b/d
—0) ZHEHEL LIRRAED~OREOTHIRE o/
Oilvamo ETNL 0n/ Onlora—o & LTEBRTH L, Z0fE
120.9~2. 0 DEEIZAELS.

D) En WCHRTEaBECEB/NIWE & (Ev/En
<1 DD E/En < D) IZEAESSREIZESL (b/d
> DIHONT o 3EMT 5. B, FEoTHHR
SRR E 222

REnWCHRTEaBIVENBKEWE X (Evn/En
> 1 52 E/En > D) A ESBREICES< (b/d
S DIEHONT o.M T 22 E03%0. b, RE
OFEHENRIIBREIE 25 Z LB, BL, E/Ewn=
2 C Em2/Ei=2, oD & X712 b/d— 1 THRKIGHITH
CEmEd, DLANSREBERHD.

(d) ZDDIBE[ (Eve/ Evi>1 >0 E/En<l) BI T
(Es/ Ei<1 53 Ei/Ean>1) ] THIAEH B REIZE S <

-

(b/d— DIZ>NT o, R o LW T 5. BiH, REOD
THHRIIELENERS.

(&) Er/Em<1 TORKISH DRAMBITIEL AL ¢

=0° fHEIcAET 5. L, AfEDSRmiciEsd G
WS (b/d 2 0. 8, Esve/ Evi=Ei/Em=0) 121X ¢ = -23° &
REMICBETS. —F, E/Endl TRRGIORE
MBIET<T¢o=+90° ITELS.
3.3 EEB7FHERMEDORE K4 EDHO
~SHE% b/d=0.9 LEE L, NMEHOEIKI a/b 251k
EREEORKRIENOEE ZFORENMEBE, b/d—
0 DBPALEBLTET. R4 XIDUTHELIS.

O RED D DEENRZWVEE (b/d—0) . EHEL L TH
S AR ED~OREDOFHIRE 0/ oo E
74X 0n/ Onloaod LTRBET D L, ZOMEIEb/dS0.9,
1/4 < a/b < 4 DEFTO.8~ 11 OFHEAIZAEL A.

(8) Ev/Emi<1 TlXa/b—oo T oM+ 2%, LAL, F
BhE (o (71‘ wra—0) [T L a/b—oo THIM L 720,

(W E/Em>] Tita/b— 0 T o iIWMT 2. ZOHE
HFBE (0n/ onlva—o) ITLT L Ha/b—0THEML
20,

Q) Et/Emn<1 TOR K OREMBIL ¢ =0° HEICA
LABENREWN. L L, FERKEWEEITRERIC
BEITS. —F, E/Ew 1 TE—HOGINE2RE &
Kt e = +£90° AL S.

411 b/d=0.9, E/Ewm=Em:/Evi=0 EEEL T, a/
b=4,2,1,1/2,1/4 L BLEEBHAD o DFMER
4. a/b—00T¢ ~-60° fTIHT o BEWBITHMLT

Table3 Maximum stress of an ellipsoidal inclusion (a/b=1, V= Ve=":=0.3).

Matri x Matri x Matri x Matri x () 0./ 0cloa—s
E/E,, =0 E/E, =1/2 E/E,, =2 E/E, = or 0,/ 0ylb/a—o
E,,/E,, b/d | (deg.) g, ¥ (deg.) g, ¥ (deg.) g, ¥ (deg.) a,
(i 0 2.045(1.00) 0 1.348(1.00)| | +gg |1.316(1.00)|| g0 |[1.936(1.00)
173 | -0.7 |2.101(1.03)|| -0.2 |1.361(1.01) g0 |1-306(0.99) 90 |1.900(0.98)
0 172 | -2.9 {2.202(1.08)|} -1.0 |[1.385(1.03) 90 |1.288(0.98) 90 |1.849(0.95) T T T o
2/3 | -8.1 [2.364(1.16)[| -2.8 [1.427(1.06) 90 |1.262(0.96) 90 |1.794(0.93)
0.8 | -23.4 [2.61001.28)[| -5.1 [1.474(1.09) 90 |1.242(0.94) 90 {1.765(0.9D B\ o s
0.9 -58 |3.822(1.8Mf| -7.2 [1.511(1.12) 90 |1-234(0.94) 90 |1-758(0.91) 3 N
0 0 2. 045( 1. 00) 0 1.348(1.00) | +go [1.315(1.00) +90 |1.936(1.00) 7 A
173 | -0.2 [2.060(1.01) 0 1.351( 1. 00), 90 |[1.313(1.00) 90 |1.926(0.99) Evis U
1/2 1/2 | -0.7 [2.084(i.02))| -0.3 |1.357(1.01) g0 |1.309(1.00) 90 |1.912(0.99) B d
2/3 | -1.5 J2.110(1.03)[[ -0.5 [1.363(1.01) 90 [1.303(0.99) 90 |1.896(0.98)
0.8 | -2.2 |[2.129(1.04)[| -0.8 {1.368(1.01) 90 |[1.299(0.99) 90 |1.884(0.97) Ay
0.9 | -2.7 |2.140(1.05)}| -1.0 [1.371(1.02) 90 |1.295(0.99) 90 |[1.878(0.97) 7 > T
0 0 2.045(1.00) 0 1.348(1.00)[ | +g9p |[1.315(1.00)f| 9o |[1.936(1.00) k C
1/3 0.2 [2.033(0.99 0 1.345(1.00) _go |1.321(1.00) -0 [1.963(1.ON B g 4
2 1/2 0.6 |2.014(0.98) 0.2 |1.341(0.99) —g0 |1.337(1.02) _gp |2.045(1.06) ?
2/3 1.1 {1.996(0.98) 0.4 |1.338(0.99) _go |1.368(1.04) —g0 |2.236(1.15)
0.8 1.6 {1.986(0.97) 0.5 [1.336(0.99) _90 |1.386(1.085) _9q |2.466(1.27) ¢ ¢ ¢
0.9 1.8 {1.980(0.97) 0.5 |1.335(0.99) —go |1.374C1.04) _go [2-611(1.35) o=
0 0 2.045(1.00) ] 1.348(1.00)| | +g9p |[1.315(1.00)| +go |1.936(1.00)
1/3 0.5 1{2.011(0.98) 0.1 |[1.341(0.99 —g0 |1.330(1.01) _go |2.008(1.04)
o 1/2 1.5 |1.964(0.96) 0.5 |1.331(0.99) -90 |1.366(1.04) -90 |2.236(1.15)
2/3 2.8 |1.922(0.94) 0.8 |1.325(0.98) _go |1.389(1.06) —g0 [2.780(1.44)
0.8 3.7 |1.898(0.93) 1.0 |[1.323(0.98) 90 |1.314(1.00) _go [3.484(1.80)
‘0.9 4.2 [1.886(0.92) 1.1 [1.322(0.98) 90 |1.303(0.99) —g0 [3.942(2.04)
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K5 ixb/d=0.9, E/Em=Em/Evi=oLBELT, a/b=4,2,1,1/2,1/4 LB ERIFEEDe. DL ERT. a/b

—0,TBL, ¢

=-90° ToaBLIEWITHEMLTWVS.

X6 iib/d=0.9, E/Em=0,a/b=2 LEELT, Em:/Emi=0,1/2,2, ol BALEIEBEED o D% Db/d—0 L
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Fig.4 Interface stress o, for E;/Ey=Ey/Ey=0.

-30

60

90
¥ [deg]

Fig.6 Interface stress ¢, for E;/E,=0 and a/b=2.
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Fig.5 Interface stress o, for E;/Ey=Ey,/Ey=%.
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Fig.7 Interface stress ¢, for E;/E;=% and a/b=1/4.

Tabled Maximum stress of an ellipsoidal inclusion when b/d=0.9 and b/d—0 (see Fig.1l).

The results of b/d—0 are independent of Egu/Eyg. V=V y=v,=0.3

NII-Electronic Library Service

b/d—0 b/d=0.9
E,,/E,, =0 E,,/E, =1/2 E,,/E,, =2 E, /E, =
E/E, |a/bl gy, ¥ dee)|| 0 (5/0),, )| ¥ dee)| 0 (0/5)yy )| ¥ dee)| 0 (00 )| ¥ %8 )| 0 (/5] )| ¥ des)
4 [5.868]| o 61.809(10.53)( -67.0 | 6.544(1.12) | -0.5 | 5.373(0.92) 0.5 | 4.624(0.79) 1.5
2 [3.313] o 13.992(4.22) | -60.1 | 3.584(1.08) | -1.6 | 3.122(0.94) 1.2 | 2.846(0.86) 3.2
0 1 {2.045] o 3.822(1.87) | -s8 | 2.140(1.05) [ -2.7 | 1.980(0.97) 1.8 1.886(0. 92) 4.3
1/72]1.440] 0 1.681(1.17) | -49.2 | 1.467(1.02) -3 1.421(0. 99) 2 1.391(0.97) | 4.6
1741172 o0 2.258(1.92) | -70 1.184(1.01) 9.7 1.167(1.00) | -2.7 | 1.158(0.99) | 3.5
4 [1.703] o 1.730(1.02) | 0.4 | 1.710(1.00) | -0.1 [ 1.702(1.00) | 0.1 1.728(1.01) 0
2 [1.544| 0 1.657¢1.07) | -2.2 | 1.564(1.01) | -0.4 | 1.533(0.99) 0.2 1.533(0.99) | 0.5
172 | 1 |13e8f o L5111 12) | -7.2 | 1.371(1.02) -1 1.335(0.99) | 0.5 1.322(0. 98) 1.1
12| 1.181] o 1.273(1.08) | -23.5 [ 1.193(1.01) | -2.2 | 1.174(0.99) 1.5 1.166(0.99) | 3.4
1741079 o 1.138(1.05) | -43 1.083( 1. 00) -6 1.077(1. 00) 4 1.078(1. 00) 10
%lsa—q V(90810 (0,/,],4) (98 )| 0,(6,/G o) ¥ dee)| 0 (0,5, )| ¥ dee)| 0 (0,/5|,,) ¥ dee)
4 [1.071| s00 1.002(0.94) | -90 1.059(0. 99) 90 1.112(1.04) -90 | 2.009(1.88) | -34.4
2 [1.159 [ 90 1.052(0. 91) 90 1. 130(0. 98) 90 1.201(1.04) | -90 1.191(1.03) 90
2 1 |1.315] 200 1.234(0. 94) 90 1.°295(0. 98) 90 1.374(1.04) | -90 1.303(0. 99) 90
1/2| 1.831| =90 1. 506(0. 98) 90 1.532(1. 00) 90 1.617(1. 06) -90 1.482(0. 97) 90
174 1.742| 190 1.933(1. 11) 90 1.810(1. 04) 90 1.859(1.07) | -90 1.848(1.06) | -90
4 [1.1281 s00 1.317(1.17) 90 1.150(1. 02) 90 1.241(1.10) -90 1.612(1.43) | -90
2 | 1.378] s00 1.663(1. 21) 90 1.393(1.01) 90 1.692(1.23) | -90 | 2.519(1.83) | -90
oo 1] 1.936] 290 1.758(0. 91) 90 1.878(0. 97) 90 2.611(1. 35) -90 | 3.942(2.04) | -90 .
172 8.2712| 290 3. 280( 1. 00) 90 3.261(1.00) 90 4.557(1. 39) -90 | 7.478(2.29) -90
174 6.725| 190 6. 690( 0. 99) 90 6. 711(1. 00) 90 8.352(1. 24) -90 | 11.772(1.75) | -90
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